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Abstract 

We investigate multidimensional covering mechanism- design problems, wherein there are m 
items that need to be covered and n agents who provide covering objects, with each agent i 
having a private cost for the covering objects he provides. The goal is to select a set of covering 
objects of minimum total cost that together cover all the items. 

We focus on two representative covering problems: uncapacitated facility location (UFL) 
and vertex cover (VC). For multidimensional UFL, we give a black-box method to transform any 
(~*\ Lagrangian-multiplier-preserving p-approximation algorithm for U FL to a truthful-in-expectation, 

p-approx. mechanism. This yields the first result for multidimensional UFL, namely a truthful- 
in-expectation 2-approximation mechanism. 

For multidimensional VC (Multi-VC), we develop a decomposition method that reduces the 
mechanism-design problem into the simpler task of constructing threshold mechanisms, which 
\^ are a restricted class of truthful mechanisms, for simpler (in terms of graph structure or problem 

c/3 dimension) instances of Multi-VC. By suitably designing the decomposition and the threshold 

mechanisms it uses as building blocks, we obtain truthful mechanisms with approximation ratios 
(n is the number of nodes): (1) O(logn) for Multi-VC on any proper minor-closed family of 
04 graphs; and (2) 0(r 2 logn) for r-dimensional VC on any graph. These are the first truthful 

^ mechanisms for Multi-VC with non-trivial approximation guarantees. 

o 

1 Introduction 

Algorithmic mechanism design (AMD) deals with efficiently-computable algorithmic constructions 
£NJ in the presence of strategic players who hold the inputs to the problem, and may misreport their 

input if doing so benefits them. The challenge is to design algorithms that work well with the true 
(privately-known) input. In order to achieve this task, a mechanism specifies both an algorithm 
and a pricing or payment scheme that can be used to incentivize players to reveal their true inputs. 
A mechanism is said to be truthful, if each player maximizes his utility by revealing his true input 
regardless of the other players' declarations. 

In this paper, we initiate a study of multidimensional covering mechanism- design problems, 
often called reverse auctions or procurement auctions in the mechanism-design literature. These 
can be abstractly stated as follows. There are m items that need to be covered and n agents who 
provide covering objects, with each agent i having a private cost for the covering objects he provides. 
The goal is to select (or buy) a suitable set of covering objects from each player so that their union 
covers all the items, and the total covering cost incurred is minimized. This cost-minimization 
(CM) problem is equivalent to the social-welfare maximization (SWM) (where the social welfare 
is — (total cost incurred by the players and the mechanism designer)), so ignoring computational 
efficiency, the classical VCG mechanism [27\ HI [15] yields a truthful mechanism that always returns 
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an optimal solution. However, the CM problem is often ./VP-hard, so we seek to design a polytime 
truthful mechanism where the underlying algorithm returns a near-optimal solution to the CM 
problem. 

Although multidimensional packing mechanism-design problems have received much attention 
in the AMD literature, multidimensional covering CM problems are conspicuous by their absence in 
the literature. For example, the packing SWM problem of combinatorial auctions has been studied 
(in various flavors) in numerous works both from the viewpoint of designing polytime truthful, 
approximation mechanisms (10^ [2T| E] , and from the perspective of proving lower bounds on the 
capabilities of computationally- (or query-) efficient truthful mechanisms [2Q| . [T5 1 [TT]. In contrast, 
the lack of study of multidimensional covering CM problems is aptly summarized by the blank 
table entry for results on truthful approximations for procurement auctions in Fig. 11.2 in |26j 
(a recent result of [12] is an exception; see "Related work"). In fact, to our knowledge, the only 
multidimensional problem with a covering flavor that has been studied in the AMD literature is the 
makespan- minimization problem on unrelated machines |25|, [22"1 [2] , which is not an SWM problem. 



Our results and techniques. We study two representative multidimensional covering problems, 
namely (metric) uncapacitated facility location (UFL), and vertex cover (VC), and develop various 
techniques to devise polytime, truthful, approximation mechanisms for these problems. 

For multidimensional UFL (Section [3]), wherein players own (known) different facility sets and 
the assignment costs are public, we present a black-box reduction from truthful mechanism design 
to algorithm design. We show that any p-approximation algorithm for UFL satisfying an addi- 
tional Lagrangian-multiplier-preserving (LMP) property (that indeed holds for various algorithms) 
can be converted in a black-box fashion to a truthful-in-expectation p-approximation mechanism 
(Theorem 3.1). This is the first such black-box reduction for a multidimensional covering prob- 
lem, and it leads to the first result for multidimensional UFL, namely, a truthful-in-expectation, 2- 
approximation mechanism. Our result builds upon the convex-decomposition technique in |21| . Lavi 
and Swamy [21] primarily focus on packing problems, but remark that their convex-decomposition 
idea also yields results for single- dimensional covering problems, and leave open the problem of ob- 
taining results for multidimensional covering problems. Our result for UFL identifies an interesting 
property under which a p-approximation algorithm for a covering problem can be transformed into 
a truthful, p-approximation mechanism in the multidimensional setting. 

In Section |4j we consider multidimensional VC, where each player owns a (known) set of nodes. 
Although, algorithmically, VC is one of the simplest covering problems, it becomes a surprisingly 
challenging mechanism-design problem in the multidimensional mechanism-design setting, and, in 
fact, seems significantly more difficult than multidimensional UFL. This is in stark contrast with 
the single- dimensional setting, where each player owns a single node. Before detailing our results 
and techniques, we mention some of the difficulties encountered. We use Multi-VC to distinguish 
the multidimensional mechanism-design problem from the algorithmic problem. 

For single- dimensional problems, a simple monotonicity condition characterizes the imple- 
mentability of an algorithm, that is, whether it can be combined with suitable payments to obtain a 
truthful mechanism. This condition allows for ample flexibility and various algorithm-design tech- 
niques can be leveraged to design monotone algorithms for both covering and packing problems 
(see, e.g., [31[21j). For single-dimensional VC, many of the known 2-approximation algorithms for 
the algorithmic problem (based on LP-rounding, primal-dual methods, or combinatorial methods) 
are either already monotone, or can be modified in simple ways so that they become monotone, and 
thereby yield truthful 2-approximation mechanisms [7]. However, the underlying algorithm-design 
techniques fail to yield algorithms satisfying weak monotonicity (WMON) — a necessary condition 
for implement ability (see Theorem [2]) — even for the simplest multidimensional setting, namely, 2- 
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dimensional VC, where every player owns at most two nodes. We show this for various LP-rounding 
methods in Appendix |B| and for primal-dual algorithms in Appendix [Cj 

Furthermore, various techniques that have been devised for designing polytime truthful mech- 
anisms for multidimensional packing problems (such as combinatorial auctions) do not seem to be 
helpful for Multi-VC. For instance, the well-known technique of constructing a maximal-in-range, 
or more generally, a maximal-in-distributional-range (MIDR) mechanism — fix some subset of out- 
comes and return the best outcome in this set — does not work for Multi-VC |12j (and more generally, 
for multidimensional covering problems). (More precisely, any algorithm for Multi-VC whose range 
is a proper subset of the collection of minimal vertex covers, cannot have bounded approxima- 
tion ratio.) This also rules out the convex-decomposition technique of |21j . which we exploit for 
multidimensional UFL, because, as noted in |21j . this yields an MIDR mechanism. 

Thus, we need to develop new techniques to attack Multi-VC (and multidimensional covering 
problems in general). We devise two main techniques for Multi-VC. We introduce a simple class 
of truthful mechanisms called threshold mechanisms (Section |4.1[ ), and show that despite their 
restrictions, threshold mechanisms can achieve non-trivial approximation guarantees. We next 
develop a decomposition method for Multi-VC (Section 4.2) that provides a general way of reducing 
the mechanism-design problem for Multi-VC into simpler — either in terms of graph structure, or 
problem dimension — mechanism-design problems by using threshold mechanisms as building blocks. 
We believe that these techniques will also find use in other mechanism- design problems. 

By leveraging the decomposition method along with threshold mechanisms, we obtain various 
truthful, approximation mechanisms for Multi-VC, which yield the first truthful mechanisms for 
multidimensional vertex cover with non-trivial approximation guarantees. We obtain a truthful, 
0(logn)-approximation mechanism (Theorem 4.8) for any proper minor-closed family of graphs 
(such as planar graphs). Our decomposition method shows that any instance of r-dimensional 
VC can be broken up into 0(r 2 log n) instances of single- dimensional VC; this in turn leads to a 
truthful, 0(r 2 log n)-approximation mechanism for r-dimensional VC (Theorem 4.9). In particular, 
for any fixed r, we obtain an 0(logn)-approximation for any graph. Here n is the number of nodes. 

It is worthwhile to note that in addition to their usefulness in the design of truthful, ap- 
proximation mechanisms for Multi-VC, some of the mechanisms we design also enjoy good frugality 
properties. We obtain (Theorem 4.12) the first mechanisms for Multi-VC that are polytime, truthful 
and simultaneously achieve bounded approximation ratio and bounded frugality ratio with respect 
to the benchmarks in [19] . This nicely complements a result of [5J , who devise such a mechanism 
for single- dimensional VC. 



Related work. As mentioned earlier, there is little prior work on the CM problem for multidi- 
mensional covering problems. Dughmi and Roughgarden [12] give a general technique to convert an 
FPTAS for an SWM problem to a truthful-in-expectation FPTAS. However, for covering problems, 
they obtain an additive approximation, which does not translate to a (worst-case) multiplicative 
approximation. In fact, as they observe, a multiplicative approximation ratio is impossible (in 
polytime) using their technique, or any other technique that constructs a MIDR mechanism whose 
range is a proper subset of all outcomes. 

For single-dimensional covering problems, various other results, including black-box results, are 
known. Briest et al. [3] consider a closely-related generalization, which one may call the "single- value 
setting" ; although this is a multidimensional setting, it admits a simple monotonicity condition suf- 
ficient for implement ability, which makes this setting easier to deal with than our multidimensional 
settings. They show that a pseudopolynomial time algorithm (for covering and packing problems) 
can be converted into a truthful FPTAS. Lavi and Swamy [21] mainly consider packing problems, 
but mention that their technique also yields results for single-dimensional covering problems. 
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Single-dimensional covering problems have been well studied from the perspective of frugality. 
Here the goal is to design mechanisms that have bounded (over-)payment with respect to some 
benchmark, but one does not (typically) care about the cost of the solution returned. Starting 
with the work of Archer and Tardos [JJ, various benchmarks for frugality have been proposed 
and investigated for various problems including VC, fc-edge-disjoint paths, spanning tree, s-t cut; 
see El [3] and the references therein. Some of our mechanisms for Multi-VC are inspired by 
the constructions in [13 [5], and simultaneously achieve bounded approximation ratio and bounded 
frugality ratio. 

Our decomposition method, where we combine mechanisms for simpler problems into a mech- 
anism for the given problem, is somewhat in the same spirit as the construction in [23]. They 
give a toolkit for combining truthful mechanisms, identifying sufficient conditions under which this 
combination preserves truthfulness. But they work only with the single-dimensional setting, which 
is much more tractable to deal with. 

Finally, as noted earlier, there are a wide variety of results on truthful mechanism-design for 
packing SWM problems, such as combinatorial auctions [TUl EH M, El [20], ITU [TT] , 



2 Preliminaries 

In a multidimensional covering mechanism- design problem, we have m items that need to be covered, 
and n agents/players who provide covering objects. Each agent i provides a set T of covering 
objects. All this information is public knowledge. We use [A;] to denote the set {1, . . . , k}. Each 
agent i has a private cost (or type) vector a = {ci,v}ve% > where Ci >v is the cost he incurs for providing 
object v £ % ; for T C T, we use Cj(T) to denote YlveT °i,v- A feasible solution or allocation selects a 
subset Ti C T for each agent i, denoting that i provides the objects in Tj. Given this solution, each 
agent i incurs the private cost Cj(Tj). Also, the mechanism designer incurs a publicly- known cost 
pub(Tx, . . . , T n ). The goal is to minimize the total cost Yli Cj(Tj) + pub(Ti, . . . , T n ) incurred. We 
call this the cost minimization (CM) problem. Note that we can encode any feasibility constraints 
in the covering problem by simply setting pub{a) = oo if a is not a feasible allocation. Observe 
that if we view the mechanism designer also as a player, then the CM problem is equivalent to 
maximizing the social welfare, which is given by — Cj(Tj) — pub(T\, . . . , T n ). 

Various covering problems can be cast in the above framework. For example, in the mechanism- 
design version of vertex cover (Section [4|, the items are edges of a graph. Each agent i provides a 
subset T of the nodes of the graph and incurs a private cost Ci jV if node v E T is used to cover an 
edge. We can set pub(T\, . . . ,T n ) = if {J^T is a vertex cover, and oo otherwise, to encode that 
the solution must be a vertex cover. It is also easy to see that the mechanism-design version of 
uncapacitated facility location (UFL; Section [3]), where each agent provides some facilities and has 
private facility-opening costs, and the client- assignment costs are public, can be modeled by letting 
pub(Tx, . . . , T n ) be the total client-assignment cost given the set |Jj T of open facilities. 

Let Ci denote the set of all possible cost functions of agent i, and O be the (finite) set of 
all possible allocations. Let C = \\^ = \ Ci. For a tuple x = (xi, . . . , x n ), we use x_j to denote 
(xi, . . . , Xi-%, Xi+i, . . . , x n ). Similarly, let C_j = IX/^ For an allocation a = (Ti, . . . , T n ), we 
sometimes use «j to denote T, Ci(a) to denote Ci(ai) = Cj(Tj). A (direct revelation) mechanism 
M = (A,pi, ■ ■ ■ ,p n ) for a covering problem consists of an allocation algorithm A : C i— > O and a 
payment function pi : C i— > R for each agent i, and works as follows. Each agent i reports a cost 
function Cj (that might be different from his true cost function). The mechanism computes the 
allocation A(c) = (Ti, . . . , T n ), and pays Pi(c) to each agent i. Throughout, we use Sj to denote the 
true cost function of i. The utility Uj(cj, c_^; Cj) that player i derives when he reports Cj and the 
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others report c_j is Pi(c) — Cj(Tj), and each agent i aims to maximize his own utility (rather than 
the social welfare). 

A desirable property for a mechanism to satisfy is truthfulness, wherein every agent i maximizes 
his utility by reporting his true cost function. All our mechanisms will also satisfy the natural 
property of individual rationality (IR), which means that every agent has nonnegative utility if he 
reports his true cost. 

Definition 2.1 A mechanism M = LA, {pi}) is truthful if for every agent i, every c_j G C_j, and 
every Ci,c% G Ci, we have Ui(ci,c-i]Ci) > Ui(ci,c-i]Ci). M is IR if for every i, every Ci G Ci and 
every c_i G C_j, we have Ui(ci, c_j;cj) > 0. 

To ensure that truthfulness and IR are compatible, we consider monopoly-free settings: for 
every player i, there is a feasible allocation a (i.e., pub{a) < oo) with a, = 0. (Otherwise, if there 
is no such allocation, then i needs to be paid at least min„ 6 7- Ci tV for IR, so he can lie and increase 
his utility arbitrarily.) 

For a randomized mechanism M, where A or the p^s are randomized, we say that M is truthful 
in expectation if each agent i maximizes his expected utility by reporting his true cost. We now 
say that M is IR if for every coin toss of the mechanism, the utility of each agent is nonnegative 
upon bidding truthfully. 

Since the CM problem is often ./VP-hard, our goal is to design a mechanism M = (A, {pi}) that 
is truthful (or truthful in expectation), and where A is a p-approximation algorithm; that is, for 
every input c, the solution a = A(c) satisfies Yli c i( a ) + pub(a) < p ■ min^o ($2i c i(P) + pub(b)^. 
We call such a mechanism a truthful, p- approximation mechanism. 

The following theorem gives a necessary and sometimes sufficient condition for when an algo- 
rithm A is implementable, that is, admits suitable payment functions {pi} such that (A, {pi}) is 
a truthful mechanism. Say that A satisfies weak monotonicity (WMON) if for all i, all Ci,c\ G Ci, 
and all c_j G C-i, if A{c%,c-i) = a, A((^,c-i) = b, then Cj(o) — Ci{b) < c£(a) — 4(6). De- 
fine the dimension of a covering problem to be maxj \%\. It is easy to see that for a single- 
dimensional covering problem — so Ci C IR for all i — WMON is equivalent to the following sim- 
pler condition: say that A is monotone if for all i, all Cj,c^ G Ci, Ci < c[, and all c_j G 
C-i, if A(ci, c_j) = a, A(c[, c_j) = b then 6, C o«. 

Theorem 2.2 (Theorems 9.29 and 9.36 in |26j) If a mechanism [A., {pi}) is truthful, then A 
satisfies WMON. Conversely, if the problem is single- dimensional, or if C\ is convex for alii, then 
every WMON algorithm A is implementable. 



3 A black-box reduction for multidimensional metric ufl 

In this section, we consider the multidimensional metric uncapacitated facility location (UFL) prob- 
lem and present a black-box reduction from truthful mechanism design to algorithm design. We show 
that any p-approximation algorithm for UFL satisfying an additional property can be converted in a 



black-box fashion to a truthful-in-expectation ^-approximation mechanism (Theorem 3.1). This is 



the first such result for a multidimensional covering problem. As a corollary, we obtain a truthful- 



in-expectation, 2-approximation mechanism (Corollary 3.3). 

In the mechanism-design version of UFL, we have a set T> of clients that need to be serviced 
by facilities, and a set T of locations where facilities may be opened. Each agent i may provide 
facilities at the locations in T% Q T . By making multiple copies of a location if necessary, we may 
assume that the 71s are disjoint. Hence, we will simply say "facility £" to refer to the facility at 
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location £ £ J 7 . For each facility £ G % that is opened, i incurs a private opening cost of fn, and 
assigning client j to an open facility £ incurs a publicly known assignment/connection cost cgj. To 
simplify notation, given a tuple {fi/^i^n]/^ °f facility costs, we use ft to denote for £ £ %■ 
The goal is to open a subset F C J 7 of facilities, so as to minimize X^eF fi + Sjeu mrri fe-F We 
will assume throughout that the C£jS form a metric. It will be notationally convenient to allow our 
algorithms to have the flexibility of choosing the open facility o~(j) to which a client j is assigned 
(instead of argmin^g^Qj); since assignment costs are public, this does not affect truthfulness, and 
any approximation guarantee achieved also clearly holds when we drop this flexibility. 

We can formulate (metric) UFL as an integer program, and relax the integrality constraints to 
obtain the following LP. Throughout, we use £ to index facilities in T and j to index clients in T>. 

min ^2feye + ^2cijx ej s.t. ^z<y>l Vj, < < yt < 1 W,j. (FL-P) 

l j,e e 

Here, {fe}e = {fi,i}ie[n},e.e% ls the vector of reported facility costs. Variable yn denotes if facility 
£ is opened, and X£j denotes if client j is assigned to facility £; the constraints encode that each 
client is assigned to a facility, and that this facility must be open. 

Say that an algorithm A is a Lagrangian multiplier preserving (LMP) ^-approximation algorithm 
for UFL if for every instance, it returns a solution (F, {a(j)}j^x>) such that p X^eF ft + c o(j)j < 
p ■ OPT ^pi^p^ . The main result of this section is the following black-box reduction. 

Theorem 3.1 Given a polytime, LMP p- approximation algorithm A for UFL, one can construct a 
polytime, truthful-in- expectation, individually rational, p- approximation mechanism M for multidi- 
mensional UFL. 



Proof : We build upon the convex-decomposition idea used in [21] . The randomized mechanism 
M works as follows. Let / = {fi} be the vector of reported facility-opening costs, and c be the 
public connection-cost metric. 

1. Compute the optimal solution (y*,x*) to ( |FL-P[ ) (for the input (/, c)). Let {p* = p*(f)} be 
the payments made by the fractional VCG mechanism that outputs the optimal LP solution for 
every input. That is, p* =JXd fty't + T,£,j c ej x 'ej) ~ (E^ hvl + c tj x }j) > where x ') is 
the optimal solution to ( FL-P[ ) with the additional constraints yi = for all £ E Ti- 

2. Let Z(P) = {(y( q \x^)}g£z be the set of all integral solutions to (FL-P). In Lemma 



3.2 



wc 



prove the key technical result that using A, one can compute, in polynomial time, nonnegative 



C£j X £j 



multipliers {\ {q) } q& x such that £ g A^ = 1, ^ q X^y} 9) = y\ for all £, and E q ,ej ^ {q) 
With probability A^: (a) output the solution (y^, x( q ty ; (b) pay pf^ to agent i, where pf^ 



(?) 



< 



if J2e e % ftVi = °» and T.ten f^l ' £ 



ft 



otherwise. 



Clearly, M runs in polynomial time. Fix a player i. Let fj and fi be the true and reported cost 
vector of i. Let be the reported cost vectors of the other players. Let (y*,x*) be an optimal 
solution to (FL-P) for (/, c). Note that E[pi(/)] = p*(f) If ICfe - ^ fty\ = then this follows since 
p*(f) = (because then (y*,x*) is also an optimal solution to (FL-P) when player i does not 
participate). Otherwise, this follows since Ylq^^V^ = y\ for all £. So E [itj(/i, ff, /J] = E[p,] — 



E 9 A« J2ee% fiVi 
for all 



(?) 



Pi (/) ~~ YleeTi f^e where the last equality is again because Ylq A^y^ 



Since p* and y* are respectively the payment to i and the assignment computed for input 
(fi, f-i) by the fractional VCG mechanism, which is truthful, it follows that player i maximizes his 
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utility in the VCG mechanism, and hence, his expected utility under mechanism M, by reporting 
his true opening costs. Thus, M is truthful in expectation. 

This also implies the ^-approximation guarantee because the convex decomposition obtained in 
Step 2 shows that the expected cost of the solution computed by M for input (/, c) (where we may 
assume that / is the true cost vector) is at most p ■ OPT ^pl-p\ (/> c )- Finally, since the fractional 
VCG mechanism is IR, for any agent i, the VCG payment p*(f) satisfies p*(f) > Y2eeTi f^h anc ^ 
therefore p\ q) > J2eeT t fiV? ■ So M is IR - ■ 

Lemma 3.2 The convex decomposition in step 2 can be computed in polytime. 

Proof : It suffices to show that the LP (|P]) can be solved in polynomial time and its optimal value 
is 1. Recall that {(y^ q \ x^)} ge x is the set of all integral solutions to ( |FL-P[ ). 

min Y Ve a t + (p^2 c tj x tj)P + z ( D ) 

t j,£ 

s.t. ^vPat + Q^cyx^P + zZl Vq (4) 



max 



5><«> (?) 

9 

S.t. J2\(«)yW =y* t W (1) 

Q 

E A(5)c «4? <pJ2c ijX * ej (2) 

5><»><1 (3) 



z,P > 0. 



A > 0. 

Since ([P]) has an exponential number of variables, we consider the dual (|D|). Here the aes, (3 
and z are the dual variables corresponding to constraints ([!]), ([2]), and ^ respectively. Clearly, 
OPT^ < 1 since z = l,ag = = (3 for all I is a feasible dual solution. If there is a feasible dual 
solution (a',f3',z') of value smaller than 1, then the rough idea is that by running A on the UFL 

instance with facility costs {-y} and connection costs {/3'c£j}, we can obtain an integral solution 
whose constraint Q is violated. (This idea needs be modified a bit since a' e could be negative; 
see below.) Hence, we can solve ( [D| ) efficiently via the ellipsoid method using A to provide the 
separation oracle. This also yields an equivalent dual LP consisting of only the polynomially many 
violated inequalities found during the ellipsoid method. The dual of this compact LP gives an LP 
equivalent to ([P]) with polynomially many A^ variables whose solution yields the desired convex 
decomposition. 

We now fill in the details. Suppose (a', (3', z') is feasible to ([D]) and Y^e y} a 't + (P Ylj t c £j x ej)P' + 
z' < 1. Define a + := max(0, a); for a vector v = (v±, . . . , v n ), define v + := . . . , v£). Consider 
the UFL instance with facility costs {f' e = a'^/p} and connection costs \d t - = (3'cij}. (Clearly c' is 
also a metric.) Running A on this input, we can obtain an integral solution (y^ g \x^) such that 

p E £ y { " ] + E ^ p ■ opt^w, c ') < a ^ v \ + y: • 

i j,e e 3,1 

Clearly the facilities I with a 1 * < contribute to the LHS and RHS of the above inequality. Now 
consider the integer solution y^ where yjfi is 1 if a' e < and is y\ otherwise. Adding Yle- a '<o a 'tVii^ 
to the LHS and Y2l.a!<Q a 't.y} t° * ne RHS of the above inequality, since y\ < 1 for all £ and a e + = a' e 
when a'p > 0, we infer that 

E + E P' c v x ef - E + (p E c tj x h)p' < i ~ z ' 
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which contradicts that (a',/3',z') is feasible to ([Pj), Hence, OPT^ = OPT ^v = 1. 

Thus, we can add the constraint YleVi®? + {pYltj i c Zj x *ij)P + z < \ to (D| without altering 
anything. If we solve the resulting LP using the ellipsoid method, and take the inequalities corre- 
sponding to the violated inequalities Q found by A during the ellipsoid method, then we obtain a 
compact LP with only a polynomial number of constraints that is equivalent to ([Pj). The dual of 
this compact LP yields an LP equivalent to ([P]) with a polynomial number of variables which 
we can solve to obtain the desired convex decomposition. ■ 

By using the polytime LMP 2-approximation algorithm for UFL devised by Jain et al. [T7], we 



obtain the following corollary of Theorem 3.1 



Theorem 3.3 There is a polytime, IR, truthful-in- expectation, 2-approximation mechanism for 
multidimensional UFL. 



4 Truthful mechanisms for multidimensional vc 

We now consider the multidimensional vertex-cover problem (VC), and devise various polytime, 
truthful, approximation mechanisms for it. We often use Multi-VC to distinguish multidimensional 
VC from its algorithmic counterpart. 

Recall that in Multi-VC, we have a graph G = (V,E) with n nodes. Each agent i provides a 
subset T% of nodes. For simplicity, we first assume that the %s are disjoint, and given a cost-vector 
{ c i,v,}i£[n],ue%> we use Cu t° denote Ci )U for u S %■ Notice that monopoly-free then means that 



each 71 is an independent set. In Remark 4.6 we argue that many of the results obtained in this 



disjoint-7Is setting (in particular, Theorems 4.8 and 4.9) also hold when the 7^s are not disjoint 



(but each T% is still an independent set). The goal is to choose a minimum-cost vertex cover, i.e., a 
min-cost set S C V such that every edge is incident to a node in 5. 

As mentioned earlier, VC becomes a rather challenging mechanism-design problem in the mul- 
tidimensional mechanism-design setting. Whereas for single- dimensional VC, many of the known 
2-approximation algorithms for VC are implementable, none of these underlying techniques yield 
implementable algorithms even for the simplest multidimensional setting, 2-dimensional VC, where 
every player owns at most two nodes; see Appendix [B] and [C] for examples. Moreover, no maximal- 
in-distributional-range (MIDR) mechanism whose range is a proper subset of all outcomes can 
achieve a bounded multiplicative approximation guarantee [12] Q This also rules out the convex- 
decomposition technique of [21] , which yields MIDR mechanisms. 



We develop two main techniques for Multi-VC in this section. In Section 4.1, we introduce a 
simple class of truthful mechanisms called threshold mechanisms, and show that although seem- 
ingly restricted, threshold mechanisms can achieve non-trivial approximation guarantees. In Sec- 



tion 4.2 , we develop a decomposition method for Multi-VC that uses threshold mechanisms as building 
blocks and gives a general way of reducing the mechanism-design problem for Multi-VC into simpler 
mechanism-design problems. 

By leveraging the decomposition method along with threshold mechanisms, we obtain various 
truthful, approximation mechanisms for Multi-VC, which yield the first truthful mechanisms for 
multidimensional vertex cover with non-trivial approximation guarantees. (1) We obtain a truthful, 



0(logn)-approximation mechanism (Theorem 4.8) for any proper minor-closed family of graphs 



(such as planar graphs). (2) We show that any instance of r-dimensional VC can be decomposed 



If A is a randomized MIDR algorithm and S is an inclusion-wise minimal vertex cover such that the range of A 
does not include a distribution that returns S with probability 1, then A incurs non-zero cost on the instance where 
the cost of a node u is if u £ S and is 1 (say) otherwise, and so its approximation ratio is unbounded. 
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into 0(r 2 logra) single- dimensional VC instances; this leads to a truthful, 0(r 2 log n)-approximation 
mechanism for r-dimensional VC (Theorem 4.9). In particular, for any fixed r, we obtain an 
(9(log n)-approximation. 

Theorem 4.12 shows that our mechanisms also enjoy good frugality properties. We obtain the 
first mechanisms for Multi-VC that are polytime, truthful, and achieve bounded approximation ratio 
and bounded frugality ratio. This nicely complements a result of [5j, who devise such mechanisms 
for single-dimensional VC. 



4.1 Threshold Mechanisms 

Definition 4.1 A threshold mechanism M for Multi-VC works as follows. On input c, for every i 
and every node u G %, M computes a threshold t u = t u (c-i) (i.e., t u does not depend on i 's reported 
costs). M then returns the solution S = {v G V : c v < t v } as the output, and pays p, L = YlueSnT 
to agent i. 

If t u only depends on the costs in the neighbor-set N{u) of u, for all u G V (note that N{u)r\Ti = 
if u G 7i), we call M a neighbor-threshold mechanism. A special case of a neighbor-threshold 
mechanism is an edge-threshold mechanism: for every edge uv G E we have edge thresholds tu^ = 
t^ v \c v ), t v = tv \Cu)i and the threshold of a node u is given by t u = maxug^u)^!"^)- 

In general, threshold mechanisms may not output a vertex cover, however it is easy to argue 
that threshold mechanisms are always truthful and IR. 

Lemma 4.2 Every threshold mechanism for Multi-VC is IR and truthful. 

Proof : IR is immediate from the definition of payments. To see truthfulness, fix an agent i. For 
every q, Cj G Cj, c_« G C_j we have Uj(Q, c_j; Cj) = YlveT:cv<t (tv ~ ^ follows that i's utility is 
maximized by reporting a = c%. ■ 

Inspired by [19^ [5], we define an x -scaled edge-threshold mechanism as follows: fix a vector 
(x M ) ug y, where x u > for all u, and set t^ 1 ^ := x u c v /x v for every edge (u,v). We abuse notation 
and use A x to denote both the resulting edge-threshold mechanism and its allocation algorithm. 
Also, define B x to be the neighbor-threshold mechanism where we set t u := J2veN(u) x uC v /x v . 

Define ct(G;x) := m&x ueV (m&x S cN(u):S independent 

Lemma 4.3 A x and B x output feasible solutions and have a tight approximation ratio a(G; x) + 1. 

Proof : Clearly, every node selected by A x is also selected by B x . So it suffices to show that A x is 
feasible, and to show the approximation ratio for B x . For any edge (u, v), either c u < x u c v /x v and 
u is output, or c v < x v c u /x u and v is output. So A x returns a vertex cover. 

Let S be the output of B x on input c, and let S* be a min-cost vertex cover. We have 
c(S) = c(S n S*) + c(S \ S*) < c(S*) + Eues\s* tu = c(S*) + E u es\s* E v eN(u) *uC v /x v . Note 
that S \ S* is an independent set since S* is a vertex cover, so YlueS\S* YlveNtu) x uCv/ x v < 
T,ves* T,ueN(v)ca P s* x « ^ T,ves* °v ■ a(G;x). Hence c(S) < (a(G;x) + l)c(5*). The tightness 
of the approximation guarantee follows from Example [T] below. ■ 

Corollary 4.4 (i) Setting x = 1 gives a(G; x) < A(G), which is the maximum degree of a node in 
G, so Af has approximation ratio at most A(G) + 1. 

(ii) Taking x to be the eigenvector corresponding to the largest eigenvalue A max of the adjacency 
matrix of G (x > by the Perron- Frobenius theorem) gives a(G;x) < X max (see ]$}), so A x has 
approximation ratio X m a X + 1. 
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Example 1 (Tightness of approximation ratio of A x and B x ) Let u and S C N(u) achieve 
the maximum in the definition of a(G; x). Now consider the instance (G, c) where c u = x u , c v = x v 
for all v G S and c w = for all w G V \ ({u} U S). The mechanism will choose {u} U S 1 in the 
output, whereas V \ S is a vertex cover of cost c u = x u . So, A x has approximation ratio at least 
= l + a(G;x). 

Although neighbor-threshold mechanisms are more general than edge-threshold mechanisms, 



Lemma 4.5 (proved in Appendix |Aj) shows that this yields limited dividends in the approximation 
ratio. Define a'(G) = min orientations of G{^^ueV,SCN^(u):S independent l^l) > where N m (u) = {v G 
N(u) : (u,v) is directed into u}. Note that a'(G) < a(G; 1) < A(G). If G = (V, E) is everywhere 
^-sparse, i.e., \{(u,v) £ E : u,v £ S}\ < j\S\ for all S QV, then a'(G) < 7; this follows from 
Hakimi's theorem [16]. A well-known result in graph theory states that for every proper family 
Q of graphs that is closed under taking minors (e.g., planar graphs), there is a constant 7, such 
that every G G Q is has at most 7|y(G)| edges [23] (see also [8], Chapter 7, Exer. 20); since Q is 
minor-closed, this also implies that G is everywhere 7-sparse, and hence a'(G) < 7 for all G G Q. 

Lemma 4.5 A (feasible) neighbor-threshold mechanism M for graph G with approximation ratio 
p, yields an 0(plog(a'(G))) -approximation edge-threshold mechanism for G. This implies an ap- 
proximation ratio of (i) O(plog'y) if G is an everywhere 7 -sparse graph; (ii) O(p) if G belongs to a 
proper minor-closed family of graphs (where the constant in the 0(.) depends on the graph family). 

Remark 4.6 Any neighbor-threshold mechanism M with approximation ratio p that works under 
the disjoint-7Is assumption can be modified to yield a truthful, ^-approximation mechanism when 
we drop this assumption. Let A u = {i : u G %}. Set c u = minj £ A u Ci tU for each u G V and let t u 
be the neighbor-threshold of u for the input c. Note that t u depends only on c_j for every i G A u . 
Set t l u := min{t n , minjyj :ng 7- Cj, u } for all i, u G %■ Consider the threshold mechanism M' with {t' l u } 
thresholds, where we use a fixed tie-breaking rule to ensure that we pick u for at most one agent 
i G A u with a^u = t l u . Then the outputs of M on c, and of M 1 on input c coincide. Thus, M' is a 
truthful, p-approximation mechanism. 

4.2 A decomposition method 

We now propose a general reduction method for Multi-VC that uses threshold mechanisms as build- 
ing blocks to reduce the task of designing truthful mechanisms for Multi-VC to the task of designing 
threshold mechanisms for simpler (in terms of graph structure or the dimensionality of the prob- 
lem) Multi-VC problems. This reduction is useful because designing good threshold mechanisms 
appears to be a much more tractable task for Multi-VC. By utilizing the threshold mechanisms 



designed in Section 4.1 in our decomposition method, we obtain an 0(logn)-approximation mech- 
anism for any proper minor-closed family of graphs, and an 0(r 2 log n)-approximation mechanism 
for r-dimensional VC. 

A decomposition mechanism M for G = (V, E) is constructed as follows. 

- Let Gi, . . . , Gk be subgraphs of G such that U«=i E(Gq) = 

- Let Mi, . . . , Mk be threshold mechanisms for G\, . . . , Gk respectively. For any v £ V, let t% be 
u's threshold in M q if v G V(Gi), and otherwise. 

- Define M to be the threshold mechanism obtained by setting the threshold for each node v to 
t v := max ?= i vi . 5 fc(t^) for any v G V. The payments of M are then as specified in Definition 
Notice that if all the MjS are neighbor threshold mechanisms, then so is M. 



4.1 
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Lemma 4.7 The decomposition mechanism M described above is IR and truthful. If px, . . . , pp. are 
the approximation ratios of Mi, . . . ,M\. respectively, then M has approximation ratio (^«/°<?)- 



Proof : Since M is a threshold mechanism, it is IR and truthful by Lemma 4.2 The optimal 



vertex cover for G induces a vertex cover for each subgraph G q . So M q outputs a vertex cover S q 
of cost at most p q ■ OPT, where OPT is the optimal vertex-cover cost for G. It is clear that M 
outputs \J q S q , which has cost at most (Yl q Pq) ' OPT. m 



Theorem 4.8 If G = (V,E) is everywhere ^-sparse, then one can devise a polytime, 0(7log|V|)- 
approximation decomposition mechanism for G. Hence, there is a polytime, truthful, O(logn)- 
approximation mechanism for Multi-VC on any proper minor-closed family of graphs. These guar- 
antees also hold when the TiS are not disjoint. 



Proof : Let n = \ V\. Since \E\ < jn, there are at most n/2 nodes with degree larger than 47. Let 
Hi be the subgraph of G consisting of the edges incident to the vertices of G with degree at most 
47. Now, Gi = G\Hi (i.e., we delete the nodes and edges of Hi to obtain G\) is also 7-sparse. So, 
we can similarly find a subgraph H2 that contains at least half of the nodes of G\. Continuing this 
process, we obtain subgraphs Hi, . . . , H^ that partition G, where each subgraph H q has maximum 
degree at most 47 and > \V(G \ (Hi U . . . H q -i)\/2. Hence, k < logre. Using the (edge- 



threshold) mechanism defined in Corollary 4.4, for each subgraph gives a (47+l)-approximation 



for each H q , and hence a (47 + 1) log n- approximation neighbor-threshold mechanism for G. By 



Remark 4.6 this also holds when the Tis are not disjoint. 



As noted in Section 4.1, every proper minor-closed family of graphs is everywhere 7-sparse for 
some 7 > 0. Thus, the above result implies a truthful, 0(logra)-approximation for any proper 
minor-closed family (where the constant in the 0(.) depends on the graph family; e.g., for planar 
graphs 7 < 4). ■ 



Complementing Theorem |4.8[ we next present another decomposition mechanism whose guaran- 
tee depends only on the dimensionality of the problem, and not on the underlying graph structure. 

Theorem 4.9 For any r-dimensional instance of Multi-VC on G = (V,E), one can obtain a poly- 
time, 0(r 2 log I V| ) -approximation, decomposition mechanism, even when the %s are not disjoint. 



Proof : We decompose G into single-dimensional subgraphs, by which we mean subgraphs that 
contain at most one node from each %. Initialize j = 1, Vj = 0. While, Ug=i E(G q ) ^ E, we do 
the following: for every agent i, we pick one of the nodes of Tl uniformly at random and add it to 
Vj. We also add all the nodes in V \ (UiLi h) to Vj. Let Gj be the induced subgraph on Vj] set 
3^3 + 1. 

For any edge e £ E, the probability that both of its ends appear in some subgraph Gj, for 
any i = 1, . . . , I, is at least 1/r 2 . So, the expected value of \E \ \J q =i E(G q )\ decreases by a 
factor of at least (1 — 1/r 2 ) with j. Hence, the expected number of subgraphs produced above is 
e>( iog(r°/(r^-i)) ) = 0(r 2 log |V|) (this also holds with high probability). Each Gj yields a single- 
dimensional VC instance (where a node may be owned by multiple players) . Any truthful mechanism 
for a ID-problem is a threshold mechanism. So we can use any truthful, 2-approximation mechanism 
for single-dimensional VC for the GjS and obtain an 0(r 2 log n)-approximation for r-dimensional 
Multi-VC. ■ 

The following lemma shows that the decomposition obtained above into single-dimensional 
subgraphs is essentially the best that can hope for, for r = 2. 
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Lemma 4.10 There are instances of2-dimensional VCP that require f2(log | V(G f ) | ) single- dimensional 
subgraphs in any decomposition of G. 

Proof : Define G n to be the bipartite graph with vertices {u\, . . . ,u n ,vi, . . . ,v n } and edges 
{(ui, vj) : i ^ j}. Each agent i = 1, . . . , n owns vertices Ui and V{. 

For n = 2 the claim is obvious. Let q n be the minimum number of single-dimensional sub- 
graphs needed to decompose G n . Suppose the claim is true for all j < n and we have decom- 
posed G n into single-dimensional subgraphs D = {G\, . . . ,G Qn }. We may assume that V{G\) = 
{ui, . . . , Uk, Ujfe+i, . . . , v n } (if G\ has less than n nodes, pad it with extra nodes). Let H\ and H2 
be the subgraphs of G induced by {ui, . . . , Uk,vi, . . . , Vk} and {uk+i, ■ ■ ■ , u n , Vk+i, ■ ■ ■ , v n }, respec- 
tively. The graphs in D\{G\} must contain a decomposition of H\ and a decomposition of H2. So 
q-n > l+max(gfc, q n -k), and hence, by induction, we obtain that q n > l+(l+log 2 (n/2)) = l+log 2 n. 



Frugality considerations. Karlin et al. [18] and Elkind et al. [6] propose various benchmarks 
for measuring the frugality ratio of a mechanism, which is a measure of the (over-)payment of a 
mechanism. The mechanisms that we devise above also enjoy good frugality ratios with respect 
to the following benchmark introduced by [6], which is denoted by u(G,c) in [19] (and NTU max 
in 0). 

Definition 4.11 (Frugality benchmark v(G,c) [18, 6j) Given an instance of VC on a graph 
G = (V, E) with node costs {c u }, we define u(G,c) as follows. Fix an arbitrary min-cost vertex 
cover S (with respect to c)^ 

i>{G,c) := max ^ 

ves 

s.t. x v > c v for all v £ S 

x v < c v f or a ll vertex covers T. 

v£S\T v£T\S 

™^ofa m echa„is m M _ (A fe} ) on G is denned as M G) : . s„p c The 



proof of Lemma 4.3 is easily modified to show that the x-scaled mechanism A x satisfies Y^iPi( c ) — 
T.Jn < P{G;x)c{V), where 0(G;x) = max MgV x{N ^ ]) . Since [6j show that v{G,c) > c{V)/2, 
this implies that 4>^ X (G) < 2(3(G;x). Also, if M is a decomposition mechanism constructed from 
threshold mechanisms Mi, . . . , M&, where each M q satisfies tu < 4> q ■ c(V(G q )), then it is easy 
to see that 4>m{G) < 2 Ylq=i ^g- Thus, we obtain the following results. 

Theorem 4.12 Let G = (V,E) be a graph with n nodes. We can obtain a polytime, truthful, IR 
mechanism M with the following approximation p = pm(G) and frugality (ft = 4>m{G) ratios. 

(i) p = (p{G\ x) + 1), 4> < 2j3(G; x) for Multi-VC on G; 

(ii) p,4> = 0(7 log n) for Multi-VC on G when G is everywhere 7 -sparse; hence, we achieve p,4> = 
O(logn) for Multi-VC on any proper minor-closed family; 

(Hi) p = 0(r 2 logn), <j> = 0(r 2 logn-A(G)) for r- dimensional Multi-VC on G (using a 2- approximation 
mechanism with frugality ratio 2A(G) for single- dimensional VC in the construction of 



Theorem 4-9). 



2 Elkind et al. [6] prove that v{G, c) does not depend on the specific min-cost vertex cover S used in the definition. 
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A Proof of Lemma 4.5 



Statements (i) and (ii) follow from the statement for general graphs and the graph-theoretic facts 



mentioned before Lemma 4.5 so we focus on proving the statement for an arbitrary graph G. Let 
a' = a'{G). 

Consider an arbitrary vertex v € V. For any u G N{v) define xtf*^ := infjcr > : t u (c v = 
P,c- V = 0) > 1 V/3 > a}. 

Claim 1: x^^ 1 < oo. If not, then for any p > 0, there exists q > p such that t u (c v = q, C- v = 0) < 1. 
So, let p = p and q > p be such that t u (c v = q,c- v = 0) < 1. Consider the cost vector c where 
c u = 1, c v = q, and c z = for z ^ u, v, we see that the approximation ratio p is contradicted for 
the instance [G, c) (i.e., graph G with the cost vector c): V \ v is an optimal vertex cover of cost 
1 but the threshold mechanism does not choose u so it chooses v as it is feasible and incurs cost 
q> p. 

Claim 2: xl™' 1 > 0. If x^ 1 ^ = 0, then similar to the above, by considering c where c u = 1, c v = e, 
c z = for z u,v, where e is very small, we see that M outputs u, which means M does not have 
the approximation ratio p. 

Now orient the edges of G according to the orientation that determines a'{G) to obtain the 
directed graph D. For any arc (u,v) in D, consider linear edge-threshold functions t^ v \c u ) = 
Xv UV ^c u , and tu \cv) = (^/^ v ^)c v . Using these edge-thresholds we obtain an edge-threshold 
mechanism M' . M' is feasible since for any arc (u,v) if u is not chosen by M', we should have 
c u > tu U ipv) = i}-/xv' vS> )c v which implies t^ v \c u ) = x^ v ^c u > c v hence v is chosen by M' . 

We assert that M' has approximation ratio 0(plog(a')). Note that if T is the outcome of M' 
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(uv) 

— Xy On 



and T* is the optimal outcome, then we have 

c(T) = c(TnT*) + c(T\T*)<c(T*)+ V max t^ w \c u ) 

< C (T*)+ 53 53 i^M = c(r*)+ 53 ^i^(i) 

w£T\T* u£N(w) w£T\T* 

= c(T*) +^c tt J] 4r } (l) (since AT(w) C T* for w £ T*) 

ueT* w&N(u)n(T\T*) 

Note that T \ T* is an independent set, so it suffices to show for any u G V(G), if S C iV(u) 
forms an independent set then ^wies^""^!) — P(^°S,{ a ') + 2). 

Let 5 out (u) = {v : (it, u) G D}, Si := 5 n 5 ou *(u), and S%:=S\S 1 . So, we have 

E = E i"^ 1 ) + E ^d) = E ^ + E t^t (5) 

toes u>eSi we52 tuefii wes^ 

Choose an arbitrary ro 6 5j. By definition of x^ w \ for every e w > 0, there is some < <5 W < e w 
such that i u (cm = — e w + <5 W , 0) < 1. Hence, u ^ M(G, c) where c w = x^"'' 1 — e w + 5^,, c u = 1, 
and c z = otherwise. So, since M{G, c) is a vertex cover, we should have w G M(G, c) which 
means t w (c u = 1,0) > x^^ — e«, + 5 W . Thus, as Si is an independent set, for the cost vector d 
where c' u = 1, c' w = x^ w ^ — e w + 5 W if w G Si , and c' 2 = otherwise, we have Si C M(G, d) (since 

tw(c' N , w \) = t w (c u = 1,0)). Letting e w tend to 0, we get that p > YlweSi x ™ > as V \ ^( u ) is a 
vertex cover of cost 1. 

Let 52 = {vi, . . . ,Vk} where xl™ 1 ^ < x^" 2 ^ < ••• < x« fc . Consider c" where c" = ar« 9 \ 
c" = 1 if z G 5*2, and d' z = otherwise. Then, {v±, . . . , u g } C M(G, c") hence p > q/x^ Vl ^ for each 
q=l,...,k. So, Ej=i -w ^ Ej=l P/Q ^ KMI^I) + 1) < plog(a') + p. Therefore, Jo] gives 



53 4 nu,) (l) < P + plog(a') + p = p(log(a') + 2) 



B LP-rounding does not work for Multi-VC 

A common method for designing approximation algorithms for VC (and in general) is to solve the 
following LP-relaxation and then round the optimal solution. 



mm 



^3 °v x v s -t- x u + x v > 1 \/(u,v) <E E. (VC-P) 



We show that any LP-rounding algorithm that always includes nodes with x u > A and does not 
include any node u with x u = is not WMON. 
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Example 2 Consider the graph G shown below where u and v belong to agent 1. For the cost- 
vector (c u , c a , Cb, c v ,Cd) = (5/4, 1, 1, 1, 1), the unique optimal solution to the LP is (x u , x a , Xb, x v , Xd) = 
(1/2, 1/2, 1/2, 1/2, 1/2). Therefore, the algorithm includes both u and v in the output. 




G 

Consider the cost vector d = (c' l5 c_i) where agent 1 reduces the costs for u and v to c' u = 9/8 
and c' v = e < 1/16 (all other costs are unchanged). Then WMON dictates that both u and 
v must still be chosen. However, the unique optimal solution to the LP with the new costs is 
x a = Xd = x v = 1, x u = Xb = with cost 2 + e. (This follows because if x u = 1 then the cost of an 
LP solution is at least 1 + 9/8; if x u = 1/2, then the cost of an LP solution is at least 9/16 + 1 + 1/2; 
both are greater than 2 + e as e < 1/16.) So M will not output u, which contradicts WMON. 

The above example also shows that the following well-known combinatorial 2-approximation 
algorithm for VC does not satisfy WMON: Given a graph G = (V, E), construct a bipartite graph 
G' having two copies of V, say V\, V2, and having edges (u\, V2), (v,2,vi) for every edge (u, v) 6 E; 
solve VC on G' and if any of the copies of a node are chosen in this solution, then pick that node 
in the solution for G. 

In the above example, for the cost-vector c, every optimal vertex cover for G' includes exactly 
one copy of u and one copy of v, so both u and v will be chosen in the solution for G. For the 
cost-vector c', no optimal vertex cover for G' includes any copies of u, so u will not be chosen in 
the solution for G. This contradicts WMON. 



C Primal-dual methods do not work for Multi-VC 



The dual of (VC-P) is as follows 



max 



Various primal-dual algorithm based on dual ascent are known to yield 2-approximation algorithms. 
All of these start with y = 0, raise dual variables while maintaining dual feasibility, and return the 
nodes whose costs are completely "paid" by the dual variables. 

The two most common variants are where one fixes an ordering of the edges in which to raise 
dual variables, and where one raises all (unfrozen) dual variables simultaneously. We show that 
neither of these lead to WMON algorithms. 
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Example 3 Consider the graph shown in Fig. [TJ where the dual variables are increased in the 
order ux, xy,yv, and u and v belong to one agent. 

Let c u = 1, c x = 1.5, c y = 1.05, c v = 0.5. The primal-dual algorithm will output {u, x,v}. 
Now, if we reduce c u to 0.5 and c v to 0.3, and keep c x and c y unchanged, the algorithm outputs 
{u, x, y} which contradicts WMON. 



1.05 1.5 




Figure 1: 



Example 4 Now consider the simultaneous-dual-ascent primal-dual algorithm. Consider again 
the same graph as in Example [3] but with a different assignment of costs, as shown in Fig. [2j Let 
c u = 1, c x = 3, c y = 4.6, c v = 2.5. The primal-dual algorithm outputs {u,x,v}. Now, if we 
reduce c u to 0.5 and c v to 2.4 and keep c x and c y unchanged, the algorithm outputs {u, y}, which 
contradicts WMON. 
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Figure 2: 
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